We determine the group structure of the homotopy set whose target is the automorphism group of the Cuntz algebra O n+1 for finite n in terms of K-theory. We show that there is an example of a space for which the homotopy set is a non-commutative group, and hence the classifying space of the automorphism group of the Cuntz algebra for finite n is not an H-space. We also make an improvement of Dadarlat's classification of continuous fields of the Cuntz algebras in terms of vector bundles.
Introduction
Dadarlat [9] computed the homotopy set [X, Aut A] for a Kirchberg algebra A under a mild assumption of a space X. He constructed a bijection between [X, Aut A] and a relevant KK-group, and showed that it is a group homomorphism when X is an H'-space (co-H-space). However, the group structure of [X, Aut A] for more general X is still unknown.
The Cuntz algebra O n+1 is a typical example of a Kirchberg algebra, and it plays an important role in operator algebraic realization of the mod n K-theory [22] . Dadarlat's computation shows that [X, Aut O n+1 ] as a set is identified with the mod n K-group K 1 (X; Z n ). One of the main purposes of this paper is to determine the group structure of [X, Aut O n+1 ], and we show that it is indeed different from the ordinary group structure of K 1 (X; Z n ) in general. In particular, we verify that the group [X, Aut O n+1 ] is non-commutative when X is the product of the Moore space M n and its reduced suspension ΣM n . Our computation uses the Cuntz-Toeplitz algebra E n+1 in an essential way, for which the homotopy groups of the automorphism group are computed in [24] .
The unitary group U (n + 1) acts on O n+1 through the unitary transformations of the linear span of the canonical generators, and it induces a map from [X, BU (n + 1)] to [X, B Aut O n+1 ]. When X is a finite CW-complex with dimension d, Dadarlat [12, Theorem 1.6] showed that the map is a bijection provided that n ≥ ⌈(d − 3)/2⌉ and H * (X) has no n-torsion. Another purpose of this paper is to remove the first condition by a localization trick.
We use the following notation throughout the paper. For a unital C*-algebra A, we denote by U (A) the unitary group of A, and by U (A) 0 the path component of 1 A in U (A). For a non-unital C*-algebra B, we denote its unitization by B ∼ . We denote by B(H) the algebra of bounded operators on a Hilbert space H, by K the algebra of compact operators on a separable Hilbert space, and by M n the algebra of n by n matrices.
Our standard references for K-theory are [4, 16] . For a projection p ∈ A (resp. a unitary u ∈ U (A)), we denote denote by [p] 0 (resp. [u] 1 ) its class in the K-group K 0 (A) (resp. K 1 (A)). For a compact Hausdorff space X, we identify the topological K-groups K i (X) with K i (C(X)) where C(X) is the C*-algebra of n i=0 with mutually orthogonal ranges, and it is KK-equivalent to the complex numbers C. The closed two-sided ideal generated by the minimal projection e : = 1 − n i=0 T i T * i is isomorphic to K, which is known to be the only closed non-trivial two-sided ideal. Then the quotient algebra E n+1 /K is isomorphic to O n+1 with identification S i = π(T i ), where π is the quotient map.
For a natural number n, we denote by M n the Moore space, the mapping cone of the map n :
where (0, z) ∼ (0, 1) and (1, z) ∼ z n for every z ∈ S 1 . For cohomology and K-groups, we have
(see [15, Theorem 9 .10] for example). Since C 0 (M n , pt) and O n+1 have the same K-theory and they are in the bootstrap class, they are KK-equivalent (see [4, Section 22.3] ). The mod n K-group of the pointed space (X, x 0 ) is originally defined bỹ
We refer to [1, 2] for the mod n K-theory, and refer to [22, Section 8] for an operator algebraic aspect of it. The Bott periodicity of the K-theory induces the Bott periodicity of the mod n K-theory. By the KK-equivalence of C 0 (M n , pt) and O n+1 , the identificatioñ
is natural in the variable X (see [23, Theorem 6.4] ). We can identify the Bockstein exact sequence with the 6-term exact sequenceK
arising from the exact sequence
The map β is called Bockstein map, and ρ is called the reduction map. We frequently identify β with the index map or the exponential map in the 6-term exact sequence.
Lemma 2.1. We have the following isomorphisms from the Bockstein exact sequence :
The K-theory has a multiplication µ defined by the external tensor product of vector bundles:
We denote the diagonal map by ∆ X : X → X × X. This gives the ring structure of K 0 (X) :
This induce the ring structure ofK 0 (X) by ∆ X : X → X ∧ X :
From [16, Chap.II, Theorem 5.9], the reduced K-groupK 0 (X) is the set of nilpotent elements of K 0 (X), and in particularK 0 (ΣX) ·K 0 (ΣX) = {0}. The multiplication µ extends toK i (X), i = 0, 1 by
with the property
where the map T X,Y : X ∧ Y → Y ∧ X is the exchange of the coordinates (see [16, Chap. II section 5.30]). In a similar way, the multiplication µ defines the following :
with the same property (see [1, Section 3] ):
The multiplications µ, µ L and µ R are compatible with the reduction ρ and the map δ :
Since the identificationK
is natural, it is compatible with the Kasparov product, and the multiplications µ L and µ R extend to
We also use the Künneth theorem of the reduced K-theory. 
that splits unnaturally.
We note that the mapK
above is given by the multiplication µ. Puppe sequence yields the following lemmas. 
The splitting is given by the projections Pr X : X × Y → X and
We have the diagram below
So we identify the map Pr * X with the map µ(· ⊗ 1). We also identify Pr * Y with the map µ(1 ⊗ ·) where 1 ∈ K 0 ({x 0 }) = Z.
3 The group structure of [X, Aut O n+1 ]
Description of the group structure
Let (X, x 0 ) be a pointed compact metrizable space. For every α ∈ Map(X, Aut O n+1 ), we set
By [14, Theorem 7.4] , the map
is a bijection, though it is not a group homomorphism in general as we will see below. From the definition of u α , we have u αβ (x) = α x (u β (x))u α (x), and [
Thus to determine the group structure of [X, Aut O n+1 ], it suffices to determine the map
, we may replace p and q with e ⊗ p and e ⊗ q respectively, where
In what follows, we simply denote 1 = 1 En+1 , and often denote 1 2m for 1 ⊗ 1 2m . We will construct a unitary
, where {e i,j } 1≤i,j≤n is a system of matrix units M n , we let
Thenṽ is a unitary in
Thus if we put
we get
Recall that π : E n+1 → O n+1 is the quotient map, Since
which we regard as a unitary in C(X, O n+1 ⊗ M 5m ). Then by the definition of the index map, we get
Direct computation yields
Since K 1 (α)(a) = a and δ(a) = 0 hold for any a ∈ ρ(K 1 (X)), we get
which finishes the proof.
Recall that we identify the index map δ with the Bockstein map β. By Theorem 3.1, the group
whereβ(a) = 1 − β(a). We denote the inverse of an element a ∈ (
Proof. Direct computation yields
showing the first equation. The second one follows from the first one. [a,b] is the characteristic function of [a, b] . This gives a deformation retraction of H 1 to the set {1 [0,1] }, and the space H 1 is contractible (see [21] ). Since the group S 1 = {z ∈ C; |z| = 1} freely acts on H 1 by multiplication, we can adopt H 1 as a model of the universal principal S 1 -bundle E S 1 and identify the classifying space B S 1 of S 1 with the set of all minimal projections. The space B S 1 is the Eilenberg-Maclane space K(Z, 2) and we identifies the homotopy set [X, B S 1 ] with H 2 (X) via the Chern classes of the line bundles. Let η be the map Aut E n+1 ∋ α → α(e) ∈ B S 1 . We denote by η * the induced map η * : [X, Aut E n+1 ] → H 2 (X), which is a group homomorphism with image in Tor(H 2 (X), Z n ) (see [24, Theorem 3.15] ). We will show that the two maps η * andβ are compatible. Let P(K) be the set of all projections of K. We remark that the map [X,
is well-defined by the definition of the K 0 -group. Since O n+1 is the quotient of E n+1 by a unique non-trivial closed two sided ideal, every element in Aut E n+1 induces an element in Aut O n+1 , which gives a group homomorphism from Aut E n+1 to Aut O n+1 . We denote by q the group homomorphism from [X, Aut E n+1 ] to [X, Aut O n+1 ] induced by this homomorphism. Proposition 3.3. Let q be as above, and let l : H 2 (X) → K 0 (X) be a map induced by the map B S 1 → P(K) where we identify B S 1 with the set of all minimal projections. Then we have the following commutative diagram 
) for every α ∈ Map(X, Aut E n+1 ) by definition. Since β is given by the index map δ :
where we write 1 C(X) ⊗ e simply by 1 ⊗ e. Hence we have
, and this proves the statement.
Lemma 3.4. We have the following commutative diagram with exact rows
Proof. Let End E n+1 be the set of unital endomorphisms of E n+1 , and let End 0 E n+1 be its connected component of id. Then the inclusion Aut E n+1 ⊂ End 0 E n+1 is a weak homotopy equivalence (see [24, Theorem 3.14] ). For u ∈ U (E n+1 ), we denote by ρ u the unital endomorphism of E n+1 defined by ρ u ( 
where ρ u : X ∋ x → ρ ux ∈ End 0 E n+1 for every u ∈ U (C(X) ⊗ E n+1 ).
An example of non-commutative [X, Aut O n+1 ]
We first examine the ring structure of
] is a noncommutative group. By Lemma 2.3 and Theorem 2.2, we havẽ
n . In particular, the map ρ :
We determine a generator of
Recall that the canonical gauge action λ z : S 1 → Aut E n+1 is a generator of π 1 (Aut E n+1 ) = Z n (see [24, Theorem 2.36, 3.14 ]). Therefore we have a homotopy
with h 0 (z) = id En+1 , h 1 (z) = λ n z , which extend λ to a map λ :
satisfying λ • i = λ z for the map i : S 1 ֒→ M n . For the gauge actionλ of O n+1 , we get an extensioñ λ : M n → Aut O n+1 in the same way. Lemma 3.5. We have the following isomorphisms :
Proof. First, we show that
] is an isomorphism. By [14] , Puppe sequence
Hence the map i * is an isomorphism of groups. Similarly, the map i * : 
Proof. By Lemma 3.5 We have the following commutative diagram
where r :
Since two vertical maps are group isomorphisms, the map K 1 (r) is a group homomorphism with respect to the multiplication •. We have
by Theorem 3.1. Therefore two multiplications • and + coincide in K 1 (M n ; Z n ), and we have K 1 (α) = id K 1 (Mn;Zn) and
Since the map β is compatible with multiplication, we haveK
We denote by a λ the generator [λ] ∈ [M n , Aut O n+1 ] = K 1 (M n ; Z n ), and denote g : = β(a λ ). By Lemma 2.1, two elements g and ρ(g) are the generators ofK 0 (M n ) andK 0 (M n ; Z n ) respectively. By Lemma 3.6, we have
Proof. Note that the Künneth formula implies
, and l is injective. Thus the statement follows from Lemma 3.4. 
Proof. We already know that the group [M n × ΣM n , Aut E n+1 ] isomorphic to the subgroup of (
Since the order of [uΛ] 1 is n, the group is a semi-direct product (Z n × Z n ) ⋊ Z n . To determine the group structure, it suffices to compute the action ofβ(
Continuous fields of Cuntz algebras
We first review Dadarlat's results on the continuous fields of the Cuntz algebras. We refer to [ For a compact Hausdorff space X, we denote by Vect m (X) the set of the vector bundles of rank m. Dadarlat investigated continuous fields of O n+1 over X arising from E ∈ Vect n+1 (X), which are CuntzPimsner algebras. We refer to [17] and [19] for Cuntz-Pimsner algebras. Fixing a Hermitian structure of E, we get a Hilbert C(X)-module from E, which we regard as a C(X)-C(X)-bimodule. Then the Pimsner construction gives the Cuntz-Pimsner algebra O E , which is the quotient of T E by K E . The algebra O E is a continuous field of O n+1 over X. We denote by θ E : C(X) → O E the natural unital inclusion. . Let X be a compact Hausdorff space, and let E be a vector bundle over X. Then we have the following exact sequence
where the map θ E : C(X) → O E is the natural inclusion, and the map 1 − [E] is the multiplication by
Dadarlat found an invariant to classify the C(X)-linear isomorphism classes of O E . . Let X be a compact metrizable space, and let E and F be vector bundles of rank ≥ 2 over X. Then there is a unital * -homomorphism ϕ :
Moreover we can take ϕ to be an isomorphism if and only if
The key observation of Dadarlat is that if there is a C(X)-linear isomorphism ϕ :
by the exact sequence of Theorem 4.1. Dadarlat also estimate the cardinality of the set of the C(X)-linear isomorphism classes of O E . We denote ⌈x⌉ : = min{k ∈ Z : k ≥ x}. Theorem 4.3. Let X be a finite connected CW-complex with Tor(H * (X), Z n ) = 0. Then the following holds.
; E ∈ Vect n+1 (X)} exhausts all the isomorphism classes of continuous fields of O n+1 over X, and its cardinality is |K 0 (X) ⊗ Z n |.
Our goal in this section is to remove the restriction n ≥ ⌈(dim X − 3)/3⌉ from the above statement using a localization trick. In fact, all the necessary algebraic arguments for the proof are already in Dadarlat's paper [12] Let P n be the set of all prime numbers p with (n, p) = 1, and let M (n) be the UHF algebra
This is the unique UHF algebra satisfying K 0 (M (n) ) = Z (n) where Z (n) is a localization of Z by n. Assume that r is a natural number with (n, r) = 1. Then the K-groups of O nr+1 ⊗ M (n) are
Therefore Kirchberg and Phillips' classification theorem [18, Theorem 4.
Let F r be a vector bundle over X of rank nr + 1. Then we have a continuous field of O n+1 of the form
Definition 4.4. We denote by O(X) n the C(X)-linear isomorphism classes of continuous fields of the Cuntz algebra O n+1 over X of the form O Fr ⊗ M (n) for F r ∈ Vect nr+1 (X) with (n, r) = 1.
Note that we have
Lemma 4.5. Let X be a finite connected CW-complex. Let F r and F R be vector bundles over X of rank nr + 1 and nR + 1 respectively, with (n, r) = (n,
First, we show that the following diagram induces a commutative diagram of K 0 -groups :
The middle square of the diagram commutes because ϕ is C(X)-linear. By [13, Theorem 2.2], two * -
So the upper and lower square of the diagram commute up to homotopy, and commutes in the level of K-groups.
Second, we show the vertical map id
induces an isomorphism of the K-groups. One has an isomorphism ψ : 
→ 0 gives a 6-term exact sequence, and we have the following exact sequence :
So we have Ker
. This gives the conclusion because the diagram below commutes by the above argument :
We define an equivalence relation ∼ n inK 0 (X) ⊗ Z (n) .
Definition 4.6. Let a and b be elements inK Lemma 4.7. Let X be a connected compact Hausdorff space, and let F r and F R be vector bundles of rank nr + 1 and nR + 1 respectively with (n, r) = (n, R) = 1.
Proof. By assumption we have
By Lemma 4.5 and Lemma 4.7 , the map Lemma 4.9. Let R be a filtered commutative ring with 0 = R m ⊂ R m−1 · · · ⊂ R 1 = R and such that R is finitely generated as an additive group. If Tor(R k /R k+1 , Z n ) = 0 for every k, we have |(R ⊗ Z (n) )/ ∼ n | ≥ |R ⊗ Z n |. Corollary 4.10. Let X be a finite CW-complex. Suppose Tor(H * (X), Z n ) = 0. Then we have
We need the following proposition. 
